QCD with 2 flavours of massless colour-sextet quarks is studied as a possible walking-Technicolor candidate. We simulate the lattice version of this model at finite temperatures near to the chiral-symmetry restoration transition, to determine whether it is indeed a walking theory (QCD-like with a running coupling which evolves slowly over an appreciable range of length scales) or if it has an infrared fixed point, making it a conformal field theory. The lattice spacing at this transition is decreased towards zero by increasing the number N t of lattice sites in the temporal direction. Our simulations are performed at N t = 4, 6, 8, 12, on lattices with spatial extent much larger than the temporal extent. A range of small fermion masses is chosen to make predictions for the chiral (zero mass) limit. We find that the bare lattice coupling does decrease as the lattice spacing is decreased. However, it decreases more slowly than would be predicted by asymptotic freedom. We discuss whether this means that the coupling is approaching a finite value as lattice N t is increased -the conformal option, or if the apparent disagreement with the scaling predicted by asymptotic freedom is because the lattice coupling is a poor expansion parameter, and the theory walks. Currently, evidence favours QCD with 2 coloursextet quarks being a conformal field theory. Other potential sources of disagreement with the walking hypothesis are also discussed.
QCD with 2 flavours of massless colour-sextet quarks is studied as a possible walking-Technicolor candidate. We simulate the lattice version of this model at finite temperatures near to the chiral-symmetry restoration transition, to determine whether it is indeed a walking theory (QCD-like with a running coupling which evolves slowly over an appreciable range of length scales) or if it has an infrared fixed point, making it a conformal field theory. The lattice spacing at this transition is decreased towards zero by increasing the number N t of lattice sites in the temporal direction. Our simulations are performed at N t = 4, 6, 8, 12, on lattices with spatial extent much larger than the temporal extent. A range of small fermion masses is chosen to make predictions for the chiral (zero mass) limit. We find that the bare lattice coupling does decrease as the lattice spacing is decreased. However, it decreases more slowly than would be predicted by asymptotic freedom. We discuss whether this means that the coupling is approaching a finite value as lattice N t is increased -the conformal option, or if the apparent disagreement with the scaling predicted by asymptotic freedom is because the lattice coupling is a poor expansion parameter, and the theory walks. Currently, evidence favours QCD with 2 coloursextet quarks being a conformal field theory. Other potential sources of disagreement with the walking hypothesis are also discussed.
We also report an estimate of the position of the deconfinement transition for sextet techni-quarks. Since this is identical to QCD with 2 colour-sextet quarks scaled so that f π ≈ 246 GeV, we will omit the prefix 'techni' from here on. This theory has been identified as a potential walking-Technicolor candidate (see for example [3] and references therein). It is asymptotically free and its 2-loop β-function does have a non-trivial zero far enough from g 2 = 0 for the coupling to become sufficiently large for there to be a chance that chiral symmetry breaks before it is reached. If it is indeed QCD-like, it has 3 Goldstone bosons, the correct number to give masses to the W s and Z, with none left over. In this sense, it is minimal.
Other groups have studied/are studying this model using lattice techniques. The main contributors are Degrand, Shamir and Svetitsky [8] [9] [10] [11] [12] [13] and the Lattice Higgs Collaboration [14] [15] [16] [17] [18] [19] [20] [21] , In addition we should mention some recent work by A. Hasenfratz and her collaborators [22] . With the exception of one early paper by Degrand, Shamir and Svetitsky, [9] these have concentrated on the zero-temperature properties of this model. We study lattice QCD with 2 colour-sextet quarks at finite temperature. Our goal is to determine if the evolution of the coupling as lattice spacing a → 0 is described by asymptotic freedom, and that chiral symmetry remains broken in this limit. Assuming that the chiral-symmetry-restoration transition is indeed a finite-temperature transition, increasing the temporal extent of the lattice, N t in lattice units, with the spatial extent N s >> N t , and with temperature T fixed at the chiral phase transition temperature T χ , takes a = 1/N t T χ towards zero. Thus the running coupling at this temperature, g χ (a), should approach zero as N t → ∞ in a manner determined by the perturbative β-function. If, on the otherhand, the theory is conformal, N t = 6 and N t = 8 being described by the 2-loop β-function. We have extended our simulations to N t = 12. In addition, we have covered the neighbourhood of the chiral transition for N t = 6 and N t = 8 with more closely spaced values of β = 6/g 2 to determine g χ more precisely. In addition, we have determined the position of the deconfinement transition for N t = 12 for one mass value. Preliminary versions of the results presented in this paper have been presented at lattice conferences [29, 30] .
While the observed change in β χ = 6/g 2 χ between N t = 6 and N t = 8 is consistent with that predicted using the 2-loop β-function, that between N t = 8 and N t = 12 is only about half the predicted value. At face value, this suggests that β χ could be approaching a finite limit, which would mean that this theory is conformal. However, we need to be cautious, since we are studying the evolution of the bare lattice coupling, which is known to be a poor choice of expansion parameters [31] . In addition, we are using unimproved staggered fermions for which perturbation expansions in terms of the bare lattice coupling are particularly poorly behaved, because of the 'taste'-breaking tadpoles [32, 33] . We discuss this and other potential sources of systematic errors in our approach, later in this paper.
Our results make it important to perform further studies of lattice QCD with 3 massless, colour-sextet quarks, to determine if it approaches its expected asymptotic behaviour at N t = 12, which would be qualitatively different from that observed for 2 flavours.
In section 2 we discuss our methods of simulation and analysis. Section 3 gives the results of our simulations at N t = 6, 8 and 12 near the chiral transition. We compare these results with perturbative predictions in section 4, and discuss improvements. In section 5
we analyse simulations at N t = 12 in the neighbourhood of the deconfinement transition. In section 6 we discuss our results, try to draw conclusions, and indicate directions for future studies.
II. METHODS
This section largely repeats discussions given in earlier publications [27, 28] , and is included here for completeness. We use the simple Wilson plaquette action for the gauge fields:
where
where U (6) is the sextet representation of U, i.e. the symmetric part of the tensor product U ⊗ U. Reasons for this choice have been discussed in our earlier publications. When N f is not a multiple of 4 we use the fermion action:
The operator which is raised to a fractional power is positive definite and we choose its positive-definite root. This yields a well-defined operator. We use the RHMC method for our simulations [34] , where the required powers of the quadratic Dirac operator are replaced by diagonal rational approximations, to the desired precision. By applying a global Metropolis accept/reject step at the end of each trajectory, errors due to the discretization of molecular-dynamics 'time' are removed.
The canonical partition function for a field theory at finite temperature T is realized the associated temperatures at which they occur, T d and T χ respectively, should be fixed, independent of a, for a small enough. Thus measuring the couplings at either of these transitions as N t is varied, gives g(a) for a sequence of as which approaches zero as N t → ∞.
As it turns out β d and hence g d lies in the strong-coupling domain, outside the regime where perturbation theory is likely to be valid, for N t = 4, 6, 8, 12 and any other N t which we are likely to consider in the near future. We therefore concentrate our efforts on the chiral transition, which occurs at much weaker couplings. If, on the other hand, QCD with 2 colour-sextet quarks is conformal, the chiral transition would be a bulk transition. In this case g χ would approach a non-zero limit for large N t , and the whole region of broken chiral symmetry would be a lattice artifact, disconnected from the conformal field theory at weaker coupling.
If QCD with 2 colour-sextet quarks is QCD-like, the approach of g χ to zero is described by asymptotic freedom expressed in terms of the β-function. Through 2 loops this is given by:
Expressed in terms of β = 6/g 2 , the evolution of the coupling when the lattice spacing is scaled by λ is given by
where for N f flavours of colour-sextet quarks:
The chiral transition occurs at that value of β (β χ ) at which the chiral symmetry is restored and beyond which the chiral condensate ψ ψ vanishes, for massless quarks. Of course, in lattice simulations, we need to run at (small but) finite mass, and extrapolate to zero quark mass. It is not, however, practical to run at masses small enough for the condensate to accurately determine β χ directly. We therefore estimate β χ from the peaks in the chiral susceptibilities, or rather in the disconnected part of the chiral susceptibilities. This is given by:
where the indicates an average over the ensemble of gauge configurations and V is the space-time volume of the lattice. Since we use stochastic estimators forψψ, we need at least 2 estimators per configuration. The first term must include only contributions which are off-diagonal in the noise, to obtain an unbiased estimator. We, in fact, use 5 stochastic estimators at the end of each trajectory giving 10 estimates for χψ ψ per configuration.
III. SIMULATIONS OF QCD WITH 2 FLAVOURS OF COLOUR-SEXTET
Here we describe our simulations with 2 colour-sextet quarks on lattices with N Here we attempted to determine the position of the peak of the m = 0.005 susceptibility using Ferrenberg-Swendsen interpolation, but were unable to obtain consistent results. We therefore chose to fit the 'data' with a smooth curve:
The rational for this simple form is so that we can use the same form for each N t . The second term is to give a simple parabolic fit to the peak. The third term is necessary because, as is obvious for the larger N t s, the susceptibility is not symmetric around the peak. The value obtained for β χ from a fit using all βs in the range 6.4 ≤ β ≤ 6.7 is β χ = 6.611(3) for a fit with χ 2 /d.o.f = 1.55, which is acceptable. This fit is shown, superimposed on the data in figure 2 .
We have extended our simulations at N t = 8 on a 16 the number of β values in the neighbourhood of the chiral transition, 6.6 ≤ β ≤ 6.8, by simulating at βs separated by 0.02 compared with our previous 0.1. We have increased our statistics to 50,000 trajectories at each (β, m) in this range. In addition, we have simulated at a new, lower mass, m = 0.0025. Again we have covered the range 6.6 ≤ β ≤ 6.8 with βs spaced by 0.02, performing runs of 100,000 trajectories at each β. Outside this range we performed a run of 20,000 trajectories at β = 6.5, and runs of 10,000 trajectories at β = 6.9
and β = 7.0, for this smallest mass. Figure 3 shows the chiral susceptibilities for these runs.
To estimate the position of the peak of the chiral susceptibility for m = 0.0025, we first consider using Ferrenberg-Swendsen interpolation of the chiral susceptibilities. This is possible, since the distributions of plaquette values for adjacent βs in the range 6.6 ≤ β ≤ 6.8
show significant overlap. Here we performed extrapolations from the susceptibilities for β = 6.66, β = 6.68, β = 6.70, β = 6.72 and β = 6.74, and looked for consistency in our predictions. The best consistency we found was between extrapolations from β = 6.68, which predicted a peak at β = 6.691 (24) , and β = 6.70, which predicted a peak at β = 6.689(5).
Combining these we obtain a prediction β χ = 6.69(1). A second estimate comes from fitting our susceptibilities to the form we used for N t = 6 (equation 9). For m = 0.0025, fitting to this cubic polynomial over all points in the range 6.5 ≤ β ≤ 6.8 yields β χ = 6.706(1) for the value of β at the peak. This fit has χ 2 /d.o.f = 0.55, which is excellent. Figure 4 shows this fit superimposed on the 'data'.
Performing a similar fit to the susceptibilities at m = 0.005 over the range 6.5 ≤ β ≤ 6.9 gives caution is due concerning the fits for the 2 largest masses. In both these cases, the measured susceptibility is statistically flat over an appreciable neighbourhood of the transition. The positions of these 2 peaks is thus determined largely by the outlying points on the fits, and should therefore not be taken too seriously. The main reason for performing these high-mass fits is to get an estimate of the height of these peaks from the parameter a in the fits. For a second-order phase transition, the value χψ ψ at the peak, χ max is expected to scale with mass as:
If the chiral transition is a finite-temperature transition, it is expected to lie in the O(2) or O(4) universality class where the critical exponent δ ≈ 4.8. If it is a bulk transition, which is expected to be first order, δ = ∞. The best fit to equation 10 gives δ = 4.1(1) and has we perform simulations at β values spaced by 0.02 over the range 6.6 ≤ β ≤ 6.9. For 6.6 ≤ β ≤ 6.66 we perform runs of 50,000 trajectories at each β. For the range 6.68 ≤ β ≤ 6.9
we perform runs of 100,000 trajectories per β. At β = 6.5, we run for 25,000 trajectories, while for β = 7.0, β = 7.1 and β = 7.2, we perform runs of 10,000 trajectories per β. At mass m = 0.005 we again cover the interval 6.6 ≤ β ≤ 6.9 at increments of 0.02. For β = 6.6, we run for 100,000 trajectories. For the rest of the interval i.e. 6.62 ≤ β ≤ 6.9 we run for 50,000 trajectories per β. At β = 6.5 we run for 25,000 trajectories, while for β = 6.4, β = 7.0, β = 7.1 and β = 7.2, we run for 10,000 trajectories per β. At m = 0.01 we perform simulations of 25,000 trajectories per β at βs spaced by 0.02 over the range 6.6 ≤ β ≤ 6.9.
At β = 6.3, 6.4, 6.5 we run for 25,000 trajectories per β, while for β = 6.2 we run for 12,500
trajectories. For β = 6.0, 6.1 and for β = 7.0, 7.1, 7.2 we perform runs of 10,000 trajectories.
We also run for 50,000 trajectories per β for βs spaced by 0.02 over the range 5.7 ≤ β ≤ 5.9, which is in the neighbourhood of the deconfinement transition. These runs at β < 6 will be discussed further in section 5. diverges as 1/a 2 as a → 0, and should be regularized. We therefore subtract part of this divergence using the prescription adopted by the Lattice Higgs Collaboration, where the subtracted chiral condensate is defined by:
where m V is the valence-quark mass. What we observe is, that while the unsubtracted chiral condensate shows indications that it will vanish in the chiral (m → 0) limit for β sufficiently large, the subtracted chiral condensate shows this vanishing more clearly. However, even the subtracted chiral condensate does not yield an estimate for β χ which is accurate enough for our purposes. We thus turn to using the peaks of the chiral susceptibilities, extrapolated to zero mass as our estimates for β χ . of a from our fits -with this fit superimposed is given in figure 9 .
IV. COMPARISON WITH PERTURBATIVE PREDICTIONS
Here for consistency we only consider the values of β χ obtained from fitting our chiral susceptibilities to the form given in equation 9. The errors given in the previous section do not include any systematic errors due to this rather arbitrary choice of a fitting function or to the selection of the range of β values over which the fits are performed. We will assume 0.01 as a conservative estimate of these systematic errors, at least for the lightest masses.
Because our measurements are inadequate to reliably determine if there is any significant mass dependence on the position of the peaks, we take our measurement of the position of the peak for the lightest mass as our estimate for the position of the transition in the chiral limit. We assume that our estimate of the systematic errors is large enough to encompass the shift in the positions of the peaks as we approach the chiral limit. Table I Equation 6 gives the perturbative asymptotic freedom predictions for the changes in β χ between different N t s. In particular:
The reason for including the third equation is because, if this is a finite temperature transition, the fermion mass in physical units for m = 0.005 at N t = 6 and for m = 0.0025 at N t = 12 are identical, so that one might hope that any error due to not extrapolating to the chiral limit might be minimized. Our measurements (from table I) give
If taken at face value, these favour the conformal option, where the fact that β χ (N t = 12) − β χ (N t = 8) is roughly half the value predicted by asymptotic freedom could indicate that β χ is approaching a non-zero limit.
We need to be cautious, since the lattice coupling and hence 1/β is known to be a poor expansion parameter. That is, higher order terms for the expansion of any quantity in powers of g 2 tend to be large. The simplest improved choice of βs is the tadpole-improved β of Lepage and Mackenzie [31] :β
For connection with Lepage-Mackenzie,β = 6/ḡ 2 = 6/4πᾱ. (Note that for staggered fermions, tadpole improvement of the fermion determinant is equivalent to rescaling the fermion mass and can thus be ignored, since we are interested in the limit m → 0.) The plaquette in the above equation should be evaluated at β, on a lattice which is at zero temperature. Since T = 0, in practice means on an N 4 t lattice for which β << β d (N t ), this would require simulating on lattices much larger than any we contemplate. For this reason, we use the finite temperature plaquettes from our simulations in this equation. This yields 
compared with the perturbative prediction:
While this is an overall improvement, it is insufficient. Choosing instead β V , the β associated with the inter-quark potential, makes little difference. Here β V = 6/g 2 V = 6/4πα V . We use the relation betweenᾱ and α V from Lepage-Mackenzie to obtain β V . The reason that going from β to β V does not make much difference is because, as noted by Lepage-Mackenzie, the perturbative relation:
(where we have chosen the momentum scale at which we measure β V to be π/a), is a good approximation. With such a constant shift, differences in βs are left unchanged. In the prediction, based on the perturbative β-function, for the βs (β V s) we consider, the 2-loop contribution is small, so the perturbative predictions for differences in βs and β V s are almost the same. Here we see that replacing the lattice coupling with an improved coupling such as g V does not significantly affect changes in β, since g is small enough that the 2-loop contribution to the β-function is significantly smaller then the 1-loop contribution, for both the original and improved schemes. Remember that the 1-and 2-loop coefficients in the β-function are scheme independent. Hence changing from lattice to improved couplings will not significantly improve agreement between measured and predicted running of the couplings. Of course, choosing a much smaller momentum scale for β V , driving it towards the perturbative fixed point, could improve agreement for β χ (N t = 12) − β χ (N t = 8), but would be difficult to justify.
However, it is well-known that even with tadpole improvement of the gauge links, perturbation theory for staggered fermions is still badly behaved [32, 33] . The reason is another form of tadpole, the 'doubler tadpole' due to flavour('taste')-mixing responsible for taste breaking. Unfortunately for us, before an improved perturbation theory could be developed for staggered fermions, interest shifted to improved staggered fermions designed to minimize taste breaking, making perturbation theory better behaved.
It is interesting to note that the lack of significant improvement usingβ (or β V or β M S )
instead of β has also been noticed by [23] in their studies of QCD with 8 fundamental quarks using an improved staggered-quark action, so perhaps it is a property of theories with slowly varying running couplings and not an artifact of using unimproved actions. This contrasts with the one system where there are precise measurements of the finite temperature transition for a large range of N t values, namely pure SU(3) Yang-Mills theory (quenched QCD) transcribed to the lattice using the Wilson (plaquette) action. For this system using an improved coupling greatly improves the agreement between the measured N t dependence of the critical coupling β c and the prediction from the 2-loop β-function, as shown in table II.
For these calculations we used the values of β c (N t ) for quenched lattice QCD given in the recent publication [35] .
V. THE N t = 12 DECONFINEMENT TRANSITION.
In section 3 we mentioned that we have extended our simulations on a 24 3 × 12 lattice at m = 0.01 into the neighbourhood of the deconfinement transition. Although β d is too small for its evolution to be governed by perturbation theory, knowledge of its value as a function of N t is necessary when choosing β values for zero temperature simulations. It is also useful to know the value of the deconfinement temperature as well as the chiralsymmetry restoration temperature in physical units i.e. in terms of f π ≈ 246 GeV. We chose to simulate this regime at only one quark mass so that we could devote most of our resources to the proximity of the chiral transition. For this same reason we chose the highest of our 3 masses. Here we are relying on the observation based on our studies at smaller N t s that β d depends only weakly on the quark mass.
The position of the deconfinement transition is determined by the point below which the Wilson Line (Polyakov Loop) becomes very small. Figure 10 
VI. DISCUSSION AND CONCLUSIONS
We use studies of scaling of the assumed finite-temperature chiral transition of lattice QCD with 2 colour-sextet quarks to attempt to determine whether this theory is conformal or walking. This provides an alternative to the use of step-scaling methods to achieve this goal. Recent extensive step-scaling studies using improved staggered quarks [21] indicate that this theory walks, while similar studies using improved Wilson quarks [22] present evidence for a fixed point, which would mean that the theory is conformal. Hence use of a different method to try and determine which is the correct behaviour is warranted.
We simulate lattice QCD with 2 flavours of colour-sextet quarks on lattices with N t = 6, 8
and 12 in the vicinity of the chiral-symmetry restoration transition, to accurately determine the value β χ of β = 6/g 2 at that transition. Under the assumption that this is a finitetemperature phase transition, which thus occurs at a fixed temperature in physical units, this gives the running of the gauge coupling g as the lattice spacing a is decreased. We compare the evolution of the coupling g χ at this transition with the prediction from the 2-loop perturbative β-function. What we find is that the change in β χ = 6/g 2 χ is in approximate agreement with the perturbative prediction between N t = 6 and 8, but is smaller by about a factor of 2 than the prediction between N t = 8 and 12. This suggests that this chiral transition is a bulk transition for which β χ would approach a finite value in the large N t limit.
In this case this theory would be a conformal field theory, and not the desired walking theory.
On the other hand, the scaling of the susceptibility peaks with mass suggests that the chiral transition is second order, whereas the simplest scenario for a bulk transition suggests that it should be first order. However, the fact that the critical exponent δ ≈ 3 suggests that the transition is mean-field, which would be more likely for a true 4-dimensional and hence bulk transition, than for a finite-temperature and hence quasi-3-dimensional transition, which should be in the universality class of the 3-dimensional O(2) or O(4) spin model with δ ≈ 4.8.
In our initial comparison, we used the prediction in terms of the bare lattice coupling g(a), which is known to be a poor expansion parameter. We therefore looked at the tadpoleimproved couplingḡ, which is supposed to be a better expansion parameter, as well as the related coupling g V which is related to the heavy-quark potential. Both these improvements We note that use of staggered quarks and, in particular, unimproved staggered quarks, has potential difficulties because flavour symmetry (sometimes referred to as taste symmetry) is explicitly broken, and is only restored in the continuum limit. This means that in the chiral limit at non-zero lattice spacing, there are less massless degrees of freedom than in the continuum limit. Because of this, it is possible that a theory with an infrared fixed point and hence conformal, could appear to be walking. Hence, care needs to be taken in taking the continuum and chiral limits. Using an improved action can reduce these problems. However, improved staggered fermions have their own difficulties. Improving the staggered-fermion action can introduce extra phases which are lattice artifacts. This was observed in studies of the apparent bulk transition in QCD with 12 fundamental quarks [36, 37] and provides extra complications for studying the finite temperature behaviour of QCD with many fundamental quarks [23] [24] [25] [26] . Improvement is designed to produce actions whose weak coupling physics is closer to that of the continuum theory. However, it does not necessarily produce better behaviour in the intermediate or strong-coupling domain.
Another word of caution is necessary concerning our results. We have only used one spatial size (24 3 ) for our N t = 12 simulations, so we have not ruled out finite volume effects.
The mass dependence of the position of the peaks in chiral susceptibilities has not been adequately explored to check that we are really seeing the chiral limit. We have only used one action, and have not explored whether improved actions such as those used by the Lattice Higgs Collaboration and Degrand, Shamir and Svetitsky might show different behaviour.
While the most direct way of answering these questions would be to continue our work to lattices with larger N t values and smaller quark masses, such simulations would be expensive, and it is not clear if repeating our studies with N t = 16 or 18 would provide the desired clarification. There are, however, other less expensive studies which could potentially help clarify the situation. The first, which we are pursuing, is to extend our simulations of QCD with 3 colour-sextet quarks to N t = 12. This theory is almost certainly conformal, and even if it is not, the perturbative evolution of its coupling is extremely slow (this is because asymptotic freedom is lost at N f = 3 3 10 for QCD with N f sextet-quark flavours. Hence we should expect to see essentially no change in the value of β χ between N t = 8 and N t = 12. If this is observed it would indicate that the N f = 2 and N f = 3 theories are behaving rather differently as would be expected if the N f = 2 theory walks.
One method of testing how well some of the different choices of improved couplings work with sextet quarks and its 2 length scales would be to perform an extensive study of the position of the chiral transition with sextet quarks in the quenched theory. That this transition is separated from the deconfinement transition was shown in very early studies [38] .
The advantage of this approach is that the production of very large quenched lattices can be performed very cheaply, and multimass inversions, already used in the RHMC algorithm will allow us to study the chiral condensate over a large range of masses. Here it will be possible compare the evolution of β d and β χ with various improved couplings.
Another direction we are pursuing (we thank Julius Kuti for this suggestion) is to simulate QCD with 2 colour-sextet quarks at a fixed β value above β χ (N t = 12) -we choose β = 6.9,
-and simulate on lattices with a fixed spatial volume, varying N t to look for the transition.
Perturbation theory predicts that β χ = 6.9 for some N t in the range 18 < N t < 20. We are simulation on 24 3 × N t lattices with 8 ≤ N t ≤ 24 with masses as low as m = 0.00125.
Indications are that we will need to increase the spatial box size to accommodate the larger N t s, since we are seeing finite volume effects at N t = 22 and 24.
Temporarily ignoring questions as to whether this theory is QCD-like, we have started where transitions between these 3 states are frequent. However, should these be the true vacua, charge conjugation would be spontaneously broken [9] , and so presumably would CP.
If so, this could possibly provide a mechanism for baryogenesis.
